Polylinear Mapping of Free Algebra 



Aleks Klcyn 



Abstract. In this paper I consider the structure of the polylinear mapping 
of the free algebra over the commutative ring. 
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1. Algebra over Ring 

Definition 1.1. Let D be commutative ring. Let A be module over ring D 
For given bilinear mapping 

/ : A x A -> A 

we define product in A 

(1.1) ab = fo(a,b) 

A is a algebra over ring D if A is D-module and we denned product (1.1) in 
If A is free D- module, then A is called free algebra over ring D. 
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Let e be the basis of free algebra A over ring D. If algebra A has unit, then we 
assume that e is the unit of algebra A. 

Theorem 1.2. Let e be the basis of free algebra A over ring D. Let 

a = a' e_; b = &*e» a, b G A 
We can get the product of a, b according to rule 

(1.2) {ab) k =C^a i b> 

where are structural constants of algebra A over ring D. The product 

of basis vectors in the algebra A is defined according to rule 

(1.3) e;e,- = C%e k 

Proof. The equation (1.3) is corollary of the statement that e is the basis of the 
algebra A. Since the product in the algebra is a bilinear mapping, than we can 
write the product of a and b as 

(1.4) ab = a i b j e i ej 
From equations (1.3), (1.4), it follows that 

(1.5) ab = aVc£e fc 

Since e is a basis of the algebra A, than the equation (1.2) follows from the equation 
(1.5). □ 

Definition 1.3. Let A\ and A 2 be algebras over ring D. The linear mapping 2 

/ : A 1 -> A 2 

of the D-module A\ into the D- module A 2 is called linear mapping of D-algebra 
Ai into _D-algebra A 2 . Let us denote C(Ai\A 2 ) set of linear mappings of algebra 
A\ into algebra A 2 . □ 

Definition 1.4. Let D be the commutative associative ring. Let Ax, A n be D- 
algebras and S be D-module. We call map 

/ : A x x ... x An S 

polylinear mapping of algebras Ax, A n into module S, if 

fo(ax,.--,ai + bi,...,a n ) = fo(ax,...,ai,...,a n ) + fo(ax,...,bi,...,a n ) 

f ° (ax, ■■■,pa>i, a n ) = pf o (ax, a i: ...,a n ) 

1 < i < n ai,bi 6 Ai p 6 D 

Let us denote C(Ai, A n ; S) set of polylinear mappings of algebras Ax, A n 
into module S. Let us denote C(A n ;S) set of n-linear mappings of algebra A 
(Ax = ... = An = A) into module S. □ 

Theorem 1.5. Let D be the commutative associative ring. Let Ax, A n be D- 
algebras and S be D-module. Let mappings 

f : Ax x ... x An -> S 
g : Ax x ... X A n -> 5 



2 This subsection is written on the base of the section [4]-2.3. 



Polylincar Mapping of Free Algebra 3 

be polylinear mappings. Then mapping f + g defined by equation 

(f + 9) ° (ax,— j «n) = / ° (ax, ...,a n )+go (ax, ...,a n ) 

is polylinear. 

Proof. Statement of theorem follows from chains of equations 
(f + g)o(x 1 ,...,x i +y i ,...,x n ) 
=f o (xi, ...,Xi + yi, ...,£„) + go (xi, ...,Xi + yi, ...,x n ) 
=fo (xu—,Xi,...,x n ) +fo (xi,...,yi,...,x n ) 
+g o (x-l, ...,Xi, ...,x n )+go (x 1) ...,y h ...,x n ) 
= (/ + .9) (si, :;Xi, ...,x n ) + {f + g) o (xi,...,yi, ...,x n ) 

(/ + 9) (xi,...,pxi, ...,x n ) 
=f o (xi, ...,pxi, ...,x n ) + go (xi, ...,pxi, ...,x n ) 
=pf o (xi,...,Xi,...,x n ) +pgo (xi,...,Xi,...,x n ) 

=p{f o (xi,...,Xi,...,X n ) +go (x!,...,Xi,...,X n )) 

=p(f + g) (xi,...,Xi, ...,x n ) 

□ 

Corollary 1.6. Consider algebra A\ and algebra A2. Let mappings 

f:A 1 ^A 2 
g:A 1 ^A 2 

be linear mappings. Then mapping f + g defined by equation 

(/ + 9) a = f a + g o a 
is linear. □ 

Theorem 1.7. Let D be the commutative associative ring. Let A\, A n be D- 
algebras and S be D-module. Let mapping 

f : A x x ... x An ->■ S 

be polylinear mapping. Then mapping pf , p € D, defined by equation 

(pf) o x = p f o x 

is polylinear. This holds 

p{qf) = (pq)f 

(p + q)f=pf + qf 
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Proof. Statement of theorem follows from chains of equations 

(pf) (Xl, -,Xi + y i: ...,X n ) =p fo (xi, ...,Xi + yi, ...,£„) 

=P if ° (xi, -,Xi, -,x n ) + f o (xi,...,yi, ...,x n )) 
=p fo (xi, ...,Xi, ...,x n )+p f o (xi,...,y i: ...,x n ) 
= {pf) o (x 1: ...,Xi, ...,x n ) + (pf) o (x 1 ,...,y l , ...,x n ) 
(pf) o (xi, ...,qxi, ...,x n ) =p fo (xi, ...,qxi, ...,x n ) = pq f o (x 1} ...,Xi, ...,x n ) 
=qp f o (x!, ...,x n ) = q (pf) o (xi, ...,x n ) 
(p(qf)) ° (xi, -,x n ) =p (qf) o (xi, ...,x n ) =p (q f o (xi, ...,x n )) 
=(pq) fo (xi,...,x n ) = ((pq)f)o(x 1) ...,x n ) 
(ip + q)f) ° (xi,...,x n ) =(p + q) fo ( Xl ,...,x n ) 

=p fo (x 1} ...,x n ) + q f o (an, ...,x n ) 
= (pf) o (x 1: ...,X n ) + (qf) o (xi, ...,X n ) 

□ 

Corollary 1.8. Consider algebra A\ and algebra A2- Let mapping 

f :Ax^ A 2 

be linear mapping. Then mapping pf , p G D, defined by equation 

(pf) ° x = p f o x 

is linear. This holds 

p(qf) = (pq)f 

(p + q).f=pf + q.f 

□ 

Theorem 1.9. Let D be the commutative associative ring. Let A\, A n be D- 
algebras and S be D-module. The set C(Ai, A n ; S) is a D-module. 

Proof. The theorem 1.5 determines the sum of polylinear mappings into D-module 
S. Let /, g, h £ C(A±, A 2 \ S). For any a = (oi, a„), ai G Ai, ... , a n G A n , 

(/ + g) o a =f oa + goa = goa + foa 

={g + f)°a 

((/ + g) + h) o a =(/ + g)oa + hoa = (foa + goa) + hoa 

=f o a + (g o a + h o a) = f o a + (g + h) o a 

=(/ + (g + h))oa 

Therefore, sum of polylinear mappings is commutative and associative. 
The mapping z defined by equation 

zoa = 

is zero of addition, because 

(z + f)oa = zoa + foa = + foa = foa 
For a given mapping / a mapping g defined by equation 

g o a = — f o a 
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satisfies to equation 

/ + 9 = z 

because 

(f + g)oa = foa + goa = foa — foa = 

Therefore, the set £(Ai; A 2 ) is an Abelian group. 

From the theorem 1.7, it follows that the representation of the ring D in the 
Abelian group C{A\, A n ; S) is defined. Since the ring D has unit, than, accord- 
ing to the theorem [4J-2.1.1, specified representation is effective. □ 

Corollary 1.10. Let D be commutative ring with unit. Consider D-algebra A\ 
and D-algebra A 2 . The set C(A\] A%) is an D-module. □ 

Theorem 1.11. Let A be algebra over commutative ring D. Module C(A; A) 
equiped by product 

(1.6) o : (g, /) G C(A; A) x C(A; A) -> g o / G C(A; A) 




A 



A 




A 



is algebra over D . 

Proof. See the proof of the theorem [4]-2.4.5. 

2. Tensor Product of Algebras 



□ 



Definition 2.1. Let A\, A n be free algebras over commutative ring D. 3 Let us 
consider category A whose objects are polylinear over commutative ring D map- 
pings 

f : Ai x ... x A n 5- Si g ■ Aix ... x A n ^ S 2 

where Si, S2 are modules over ring D, We define morphism / — > g to be linear over 
commutative ring D mapping h : Si — > S2 making diagram 

^Si 

f 

Ai x ... x A 




commutative. Universal object A\ 
product of algebras A\, A n . 



A r , 



Definition 2.2. Tensor product 

A® n = A Y ® ...® A n Ai 
is called tensor power of algebra A. 



of category A is called tensor 

□ 



^4 ?7 — A. 



□ 



I give definition of tensor product of algebras following to definition in [1], p. 601 - 603. This 
subsection is written on the base of the section [41-2.5. 
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Theorem 2.3. There exists tensor product of algebras. 

Proof. Let M be module over ring D generated by product Ai x ... x A n of algebras 
A\, A n . Injection 

i : Ai x ... x A n ^ M 

is denned according to rule 

(2.1) to (dx,...,d n ) = (di,...,d n ) 

Let N C M be submodule generated by elements of the following type 

(2.2) (d 1 ,...,d i + Cj, ...,d„) - ...,d„) - (di, ...,c l , ...,d n ) 

(2.3) (d l5 ...,adi, ...,d n ) - a(di, dj, d n ) 
where di € Ai, £ Aj, a G D. Let 

j : M -)• M/iV 

be canonical map on factor module. Consider commutative diagram 

(2.4) ^ M/AT 

/ 

Al X ... X A n 

Since elements (2.2) and (2.3) belong to kernel of linear map j, then, from equation 
(2.1), it follows 

(2.5) f o (di,...,di + Ci,...,d n ) =fo (d 1 ,...,d i ,...,d n ) +fo {d 1 ,...,c i ,...,d n ) 

(2.6) f o (di,...,adi,...,d n ) =a f o (di, di, d n ) 

From equations (2.5) and (2.6) it follows that map / is polylinear over ring D. 
Since M is module with basis Ai x ... x A n , than, according to theorem [1]-4.1 on 
p. 135, for any module V and any polylinear over D map 

g : Aix ... x A n V 

there exists a unique homomorphism k : M — > V , for which following diagram is 
commutative 

(2.7) A-l x ... x A n — s> M 

k 

g 

V 

Since g is polylinear over D, than ker k C N. According to statement on p. 
[1]-119, map j is universal in the category of homomorphisms of vector space M 
whose kernel contains N. Therefore, we have homomorphism 

h : M/N -> V 
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which makes the following diagram commutative 
(2.8) M/N 



M 



V 

We join diagrams (2.4), (2.7), (2.8), and get commutative diagram 
(2.9) M/N 



Ax x ... x A 



Since Imf generates M/N, than map h is uniquely determined. 
According to proof of theorem 2.3 

A x <g> ... ® A n = M/N 

If di £ Ai, we write 

(2.10) jo(di,...,dn) = di®...®dn 

Theorem 2.4. Let A\, A n be algebras over commutative ring D. Let 

f : A x x ... x An Ax® ... ® A n 
be polylinear mapping defined by equation 

(2.11) /o(di,...,d n ) = di(8i...<g)d n 
Let 

g : Ax X ... X A n -> V 

be polylinear mapping into D-module V . There exists an D-linear mapping 

h : Ax ® ... ® A n V 

suc/i i/iai the diagram 

(2.12) Ai (8) ... ® A. 



Ai x ... x A„ 



is commutative. 
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Proof. Equation (2.11) follows from equations (2.1) and (2.10). An existence of the 
mapping h follows from the definition 2.1 and constructions made in the proof of 
the theorem 2.3. □ 

We can write equations (2.5) and (2.6) as 

ai (g) ... (8) (a, + h) ® ... <g> a n 

(2.13) 

=a\ ® ... ® a t ® ... <g> a„ + ai ® ... ®b t <® ... ® a n 

(2.14) ai <g> ... (g (cflj) ® ... ®a n = c(a\ ® ... ® a t ® ... ® a„) 

a l ei, b t E Ai c E D 

Theorem 2.5. Le£ ^4 6e algebra over commutative ring D. There exists a linear 
mapping 

h: a®beA®A^abeA 

Proof. The theorem is corollary of the theorem 2.4 and the definition 1.1. □ 

Theorem 2.6. Tensor product A\ ® ... ® A n of free finite dimensional algebras A\, 
A n over the commutative ring D is free finite dimensional algebra. 
Let e, be the basis of algebra Ai over ring D. We can represent any tensor 
a £ Ai ® ... ® A n in the following form 

(2.15) a = a 11 " - ^ei.jj ® ... ®e n . in 
Expression a ll '" ln is called standard component of tensor. 

Proof. See the proof of the theorem [4]-2.5.6. □ 
3. Linear Mapping into Associative Algebra 

Theorem 3.1. Consider D-algebras A\ and Ai- For given mapping f £ C{A\; A2), 
there exists linear mapping 

h: A 2 ®A 2 ^ C(A 1 ;A 2 ) 

defined by the equation 

(3.1) (a®b)of = afb 

Proof. See the proof of the theorems [4J-2.6.1 and [4J-2.6.2. □ 

Theorem 3.2. Consider D-algebras A\ and A 2 . Let us define product in algebra 
A 2 ® A 2 according to rule 

(3.2) (c®d)o(a®b) = (ca) ® (bd) 
A linear mapping 

(3.3) h: A 2 ®A 2 ^*C{A 1 -A 2 ) 
defined by the equation 

(3.4) (a®b)o f = afb a,b G A 2 feC(Ai;A 2 ) 
is representation^ of algebra A 2 ® A 2 in module L(A\ \ A 2 ). 

Proof. See the proof of the theorem [4J-2.6.3. □ 



*See the definition of representation of S7-algebra in the definition [3J-2.1.4. 
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Theorem 3.3. Consider D-algebra A. Let us define product in algebra A ® A 
according to rule (3.2). A representation of algebra A® A 

(3.5) h: A®A^*C{A-A) 
in module C(A] A) defined by the equation 

(3.6) {a®b)o f = a fb a,b G A feC{A;A) 

allows us to identify tensor d € A ® A and mapping d o S G C(A; A) where 
S 6 C(A; A) is identity mapping. 

Proof. See the proof of the theorem [4]-2.6.4. □ 

From the theorem 3.3, it follows that we can consider the mapping (3.4) as the 
product of mappings a® b and /. 

Theorem 3.4. Consider D-algebra A\ and associative D-algebra A 2 . Consider 
the representation of algebra A2 ® A2 in the module C(A\] A2). The mapping 

h : Ai-> A 2 

generated by the mapping 

f:A 1 ^A 2 

has form 

(3.7) h = (ag.o ® a s .i) o / = a s . fa s .i 

Proof. See the proof of the theorem [4]-2.6.6 □ 

Theorem 3.5. Let A be free finite dimensional associative algebra over the field 
D. The representation of algebra A® A in algebra C(A; A) has finite basis /. 

(1) The linear mapping f G C(A; A) has form 

(3.8) / = {a k . Sk . ®a k . Sk .i) o I k = ^a k . Sk . Q I k a k . Sk . 1 

k 

(2) Its standard representation has form 

(3.9) / = a k •« (e f ® e d )oI k = u L "T,l,T, 

Proof. See the proof of the theorem [4J-2.7.5 □ 
4. Linear Mapping into Nonassociative Algebra 

Since the product is nonassociative, we may assume that action of a, b G A over 
the mapping / may have form either a(/6), or (af)b. 

Theorem 4.1. Let ei be basis of the free finite dimensional D-algebra A\. Let e 2 
be basis of the free finite dimensional nonassociative D-algebra A 2 . Let C 2 .^. l be 
structural constants of algebra A 2 . Let the mapping 

(4.1) g = aof 

generated by the mapping f G (Ax;A 2 ) through the tensor a G A 2 ® A 2 , has the 
standard representation 

(4.2) g = o« ® e s ) o / = a ij {erf fa 
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Coordinates of the mapping (4.1) and its standard components are connected by the 
equation 

(4.3) g\ = frg lJ C2-i n c 2 . k PJ 

Proof. See the proof of the theorem [4]-2.8.3 □ 

Theorem 4.2. Let A be free finite dimensional nonassociative algebra over the 
ring D. The representation of algebra A® A in algebra C(A; A) has finite basis I. 

(1) The linear mapping f G C(A; A) has form 

(4.4) / = (a k . Sk . <g) a fc . ajk .i) o I k = (a fe . Sfc . 4)a fc . Sfc . 1 

(2) Its standard representation has form 

(4.5) / = a' 1 * (J, ® ej) o I k = </"•';-,/;.;-, 

Proof. See the proof of the theorem [4J-2.8.4 □ 

5. POLYLINEAR MAPPING INTO ASSOCIATIVE ALGEBRA 

Theorem 5.1. Let A\, A n , A be associative D-algebras. Let 

fiEC{Ai;A) i = l,...,n 

a,j G A j = 0, ...,n 

For given transposition a of n variables, the mapping 

((a ,...,a n ) oa(fi, ...,/„)) o (xi,...,x n ) 
(5.1) = (a a(fi)ai...a n - 1 o-(f n )a n ) o (xi, ...,x„) 

= aocr(fi o xi)ai...a n -ia(f n o x n )a n 
is n-linear mapping into algebra A. 

Proof. The statement of theorem follows from chains of equations 
((oo, ...,a n ,cr) o (/i, /„)) o (x 1: ...,Xi + yu ...,x n ) 
=a Q a{fi o xi)ai...a(fi o (x, + yi))...a n -ia(f n ° £ n )a„ 
=a a(fi o jc 1 )oi...£r(/i ox{ + foo y i ).,.a n -icr{f n o x„)a„ 
=a cr(/i o xi)ai...cr(/ l o Xi)...a n -i(x(f n o X n )a„ 
+aoo-(/i o xi)ai...cr(/ i o y i )...a n - 1 a(f n a x„)a„ 
=((a , ...,a„,cr) o (/i, ...,/„)) o (xi, ...,Xj, ...,x n ) 
+ ((a , ...,a„,<r) o (/ x , /„)) o (x x , ...,x„) 

((o 0j ...,a„,<r) o (/i, /„)) o (xi, ...,pXj, ...,x„) 
=aoo-(/i o xi)ai...cr(/ i o (pXi))...o n _i<r(/„ o x n )a„ 
=a <j(f 1 o xi)ai...cr(p(/ l o Xi))...a n _icr(/„ o x„)a„ 
=p(a a(f 1 o xi)ai...cr(/i o Xj)...a„_i<x(/„ o x„)a„) 
=p(((a , a„, o-) o (/]_, /„)) o (xi, x i; x„)) 

□ 

In the equation (5.1), as well as in other expressions of polylinear mapping, we 
have convention that mapping /j has variable Xj as argument. 
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Theorem 5.2. Let A\, A n> A be associative D-algebras. For given set of 
mappings 

fiE£{Ai;A) i = l,...,n 

the mapping 

h:A n+1 ^C{A u ...,A n -A) 

defined by eguation 

(oo, ... ,a n , a) o f n ) = aoo-(fi)ai...a n -io-(f n )a n 

is n + l-linear mapping into D-module C(A\, A n ; A). 
Proof. The statement of theorem follows from chains of equations 

((a , + h, ...a„,cr) o (/i, ...,/„)) o (xi, ...,x„) 
=aoo-{fi ° xi)ai...(ai + &,:).. .a„_icr(/„ o x n )a„ 

=OoO"(/i o xi)ai...Oi...o„_itr(/„ o i„)a n + a cr(/ 1 o xi)ai...& i ...a„_icr(/„ o x„)a„ 
=((oo, ...,ai,...,a„,a) o ...,/„)) o (xi, ...,x„) 
+((a 0) ...,6j, ...,a n ,cr) o /„)) o (xi, x„) 

=((oo,...,Oj, ...,o n ,cr) o (fi,...,f„) + (a Q ,...,bi,...,a n ,a) o ...,/„)) o (xi, x„) 

((ao,...,pa»,...a n ,cr) o /„)) o (xi,...,x„) 

=ffloo"(/i o xi)oi...pai...a„_io-(/„ o x„)a„ 
=p(a cr(fi o xi)ai...aj...a„_i0-(/ n o x„)a„) 
=p(((a , ...,Oi, ...,a„,a) o ...,/„)) o (x i; ...,x n )) 
=(p((ao, ...,Oi, ...,a„,a) o ...,/„))) o (xi, ...,x n ) 

□ 

Theorem 5.3. Le£ Ai, A„, A 6e associative D-algebras. For given set of 
mappings 

fiGC(Ai]A) i = l,...,n 

there exists linear mapping 

h:A® n+1 xS n ^£(A u ...,A n] A) 

defined by the equation 

^ ^ (ao ® ... ® a„,cr) o (/i,...,/„) = (a ,-,a„,a-) o (/i, /„) 

= oocr(/ 1 )ai...o„_icr(/„)a„ 

Proof. The statement of the theorem is corollary of theorems 2.4, 5.2. □ 

Theorem 5.4. Lei Ai, A„ ; A 6e associative D-algebras. For given tensor 
a G A®" +1 and given transposition a G S n i/ie mapping 

n 

h:l[C(A l -A)^C(A 1 ,...,A n ;A) 

i=l 

defined by equation 

(a (g) ... (g) a n ,cr) o ...,/„) = aoo-(/i)ai...o n _io-(/ n )a„ 
zs n-linear mapping into D-module C(Ai, A n ; A). 
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Proof. The statement of theorem follows from chains of equations 

((a ® ... ® a n ,o-) o ...,fi + g { , ...,/„)) o (x!,...,x n ) 
=(aoo-(fi)ai...a(fi + gi)-a n ^a(f n )a n ) o (xi, ...,x n ) 
=a a(f 1 o x 1 )a 1 ...<r((fi + gt) o x l )...a n ^ 1 a(f n o x n )a n 
=aoc r (/i o xx)a\...a{fi ox l +g l o Xi)...a n -ia(f n o x„)a„ 
=ao(j{h o xi)ai...a(fi o Xi)...a n -ia(f n o x n )a„ 
+a cr(/i o aJi)ai...a(5i o x i )...a„_ 1 cr(/„ o 
=(aoc r (/i)a 1 ...cr(/ J )...a„„i(T(/„)a n ) o (zi, ...,x n ) 
+(aoc r (/i)ai...cr(g i )...a n _icr(/„)a„) o (xi, ...,a;„) 
=((o ® ... (8 a„,cr) o (f 1 , ...,f h ...,/„)) o (an,...,a;„) 

+ ((ao ® ••• <8> a„,cr) o ...,/„)) o (xi, ...,Xn) 

=((oo ® ... ® a„, cr) o fi, /„) 

+(a ® ... ® a„,cr) o (/!, ...,/„)) o ...,x„) 

((o ® ... ® a„,cr) o (/ ls ...,/„)) ° (sci, ...,x n ) 

=( a o0-(/i)ai, ...a(pfi)...a n -ia(f n )a n ) o (x 1} ...,x n ) 
=a cr(/ 1 o x{)ai, ...a((pfi) o Xi)...a n -ia(f n o x„)a„ 
=a cr(/i o xi)ai, ...<j(p(fi o Xj))...a„_icr(/ n o x„)a„ 
=p(a a(/i o xi)a u ...a{f t a x i )...a n _icr(/ n o x„)a n ) 
=p(((a ® ■■■ ® a„,cr) o / l5 ...,/„)) o (xi, ...,£„)) 

=(p((a ® ■■• &> a„,cr) o f h ...,/„))) o (xi, ...,x„) 



□ 



Theorem 5.5. Lei Ai, A n , A be associative D -algebras. For given tensor 
a G A® n+l and given transposition a G S n i/iere exists linear mapping 

h : C(A\;A) ® ... ® C{A n ;A) -> £(A X , A„;A) 

defined by the equation 

(5.3) (ao ® ... <8 a„,cr) o (/j (gi ... ® f n ) = (a ® ... ® a„,cr) o (f 1: /„) 
Proof. The statement of the theorem is corollary of theorems 2.4, 5.4. □ 
Theorem 5.6. Let A be associative D-algebra. Polylinear map 

(5.4) f:A n ^A,a = fo( ai ,...,a n ) 
has form 

(5.5) a = f% a 3 {h. a o fll ) ... cr s (/„. s o a„) /".„ 
where o~ s is a transposition of set of variables {ai,...,a„} 
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Proof. We prove statement by induction on n. 

When n = 1 the statement of theorem is corollary of the statement (1) of the 
theorem 3.5. In such case we may identify 

fi P = fs- P p = o,i 

Let statement of theorem be true for n = k — 1. Then it is possible to represent 
mapping (5.4) as 




fe-i 



a = f o (oi, ...,a k ) = (g ° a k ) o (ai, a k -i) 
According to statement of induction polylinear mapping h has form 

a = h^ 1 (r t (4 t ooi) h^ 1 ... atih-i-t °Ofc-i) fct-fe-i 

According to construction h = g o a k . Therefore, expressions /it. p are functions of 
a k . Since g o a k is linear mapping of a^, then only one expression ft, t . p is linear 
mapping of a k , and rest expressions h t . q do not depend on a k . 

Without loss of generality, assume p = 0. According to the equation (3.7) for 
given t 

ht-Q 1 = 9tr Ik-r Ofc <?tr-l 

Assume s = tr. Let us define transposition <r s according to rule 



0~tr 



a k ai 
a k cr t (oi) 



a k -i 



Suppose 



ftr-q+l ~ hf.q ? — 1, 



1 



/tr-9 — .9tr<j 



9 = 0,1 



We proved step of induction. 



□ 



□ 



Definition 5.7. Expression /" in equation (5.5) is called component of poly- 
linear map /. 

Theorem 5.8. Consider D-algebras A. A linear mapping 

h : A® n+1 x S n -> T(A";A) 

defined by the equation 

(oo ® ■■■ ® a„,cr) o (/i ® ... (g) /„) = a a(f 1 )a 1 ...a n ^ 1 a(f n )a n 
a ,...,a n eA a e 5„ /i, ...,/„ e £(A„; A) 



(5.6) 



5 In representation (5.5) we will use following rules. 

• If range of any index is set consisting of one element, then we will omit corresponding 
index. 

• If n = 1, then cr s is identical transformation. We will not show such transformation in 
the expression. 
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is representation 6 of algebra A® n+1 x S n in D-module C(A n ;A). 

Proof. According to the theorems 3.5, 5.6, we can represent n-linear mapping as 
sum of terms (5.1), where fi, i = 1, n, are generators of representation (3.3). 
Let us write the term s of the expression (5.5) as 

(5.7) bia(Ii. s o xi)cib2—Cn-xb n a 
where 

bi = flo b 2 = ... = b n = e c i . = Kx c n = fl n 
Let us assume 

fi = o- _1 (^)4 s ^ _1 (ci) i = 1, -,n 
in equation (5.7). Therefore, according to theorem 5.3, mapping (5.6) is transfor- 
mation of module C(A n ; A). For a given tensor c G and given transposition 
o~ E S n , a transformation h(c, a) is a linear transformation of module C(A n ; A) ac- 
cording to the theorem 5.5. According to the theorem 5.3, mapping (5.6) is linear 
mapping. According to the definition [3]-2.1.4 mapping (5.6) is a representation of 
the algebra A® 11+1 x S n in the module C{A n ;A). □ 

Theorem 5.9. Consider D-algebra A. A representation 

h : A® n+1 xS n ^ *£{A n ;A) 

of algebra A® n+1 in module C(A n ;A) defined by the equation (5.6) allows us to 
identify tensor d E ^4®"+! and transposition a £ S n with mapping 

(5.8) (d,a)o (/!,..,/„) .h = 6e£(A;A) 
where 5 E C(A; A) is identity mapping. 

Proof. If we assume ft = 5, d = a®® ...®a n in the equation (5.2), then the equation 
(5.2) gets form 

te. n\ i( a o ® ■■• ® a n,°~) (8, —,S)) o (x 1; ...,x n ) = a {6 o oji) ... {5 o x„) a„ 
(5.9) 

— a X\ ... x n a n 

If we assume 

((ao ® ■■• ® a„, ct) o (<5, <5)) o (xi, x„) 
(5.10) = (ao (8 ••■ ® «„, a) o (<5 o xi, J o x„) 

= (ao ... ® a„,a) o (xi, ...,x„) 

then comparison of equations (5.9) and (5.10) gives a basis to identify the action 
of the tensor d = ao ® ... §5 a„ and transposition cr G 5*™ with mapping (5.8). □ 

Instead of notation (ao <8> ...a„, cr), we also use notation 

O0 ®cr(l) ■■■ ®<7(n) a n 

when we want to show order of arguments in expression. For instance, the following 
expressions are equivalent 

(a <8> ai ® a 2 (8 a 3 , (2, 1, 3)) o (xi, x 2 , x 3 ) = aoX 2 aiXia 2 x 3 a 3 

(ao ®2 ai ®i a 2 ® 3 a 3 ) o (xi, x 2 , x 3 ) = a x 2 aixia 2 x 3 a 3 



See the definition of representation of fi-algebra in the definition [3J-2.1.4. 
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6. POLYLINEAR MAP INTO FREE FINITE DIMENSIONAL ASSOCIATIVE ALGEBRA 

Theorem 6.1. Let A be free finite dimensional associative algebra over the ring 
D. Let I be basis of algebra C(A;A). Let e be the basis of the algebra A over the 
ring D. Standard representation of polylinear mapping into associative 
algebra has form 

(6.1) / o (ai, a n ) = fl°k[' Z .l n 5 *o °t(4i ° ai) e il ... o- t {h n ° ««) e, n 
Index t enumerates every possible transpositions at of the set of variables {a\, a n }. 
Expression /j.j.'"*^ in equation (6.1) is called standard component of polylin- 
ear mapping /. 

Proof. We change index s in the equation (5.5) so as to group the terms with the 
same set of generators Ik- Expression (5.5) gets form 

(6.2) a = /^... fcn . a . Q a s {I kl . s o ai) ^...k^-i ... cr s (J fe „. s o a„) 

We assume that the index s takes values depending on k%, k n . Components of 
polylinear map / have expansion 

(6-3) fk 1 ...k n -s-p = e ifki...k n -s-p 

relative to basis e. If we substitute (6.3) into (5.5), we get 

(6.4) a = /;.';",;., . s . a s {I kl o oi) / fe 7. 2 . fe „. s .i e ia ... a s (4 n o a„) /g^ fc „.,. n e jn 
Let us consider expression 

/c fjo—j-n _ fnji rnj n 

Jt-ki...k n ~ ■>fci...fc„-s-0 —Jki...k n -s-n 

The right- hand side is supposed to be the sum of the terms with the index s, for 
which the transposition a s is the same. Each such sum has a unique index t. If we 
substitute expression (6.5) into equation (6.4) we get equation (6.1). □ 

Theorem 6.2. Let A be free finite dimensional associative algebra over the ring 
D. Let e be the basis of the algebra A over the ring D. Polylinear map (5.4) can 
be represented as D '-valued form of degree n over ring D 

(6.6) /(ai,...,a„) = a^.-.a*™/^...^ 

where 

(6.7) a ^-f _ 

and values fi 1 ...i n are coordinates of D -valued covariant tensor. 

Proof. According to the definition 1.4, the equation (6.6) follows from the chain of 
equations 

fo (ai,...,a n ) = f o(e il a\ 1 ,...,e in a^) = o%...a£f o (e^, ...,e in ) 
Let e' be another basis. Let 

(6.8) e'^ejhi 



^We proved the theorem by analogy with theorem in [2], p. 107, 108 
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be transformation, mapping basis e into basis e'. From equations (6.8) and (6.7) it 
follows 

(69) =/°(^, •••>«) 

= hll...hl2fa(e jl ,...,e j J 

From equation (6.9) the tensor law of transformation of coordinates of polylinear 
map follows. From equation (6.9) and theorem [4]-2.1.4 it follows that value of the 
mapping / o (oi, a n ) does not depend from choice of basis. □ 

Polylinear mapping (5.4) is symmetric, if 

/ o (ai, ...,a n ) = f o (cr(ai), er(a„)) 

for any transposition a of set {ai, a n }- 

Theorem 6.3. If polyadditive map f is symmetric, then 

(6-10) /ii «„ = /<r(i 1 ),...,o-(i„) 

Proof. Equation (6.10) follows from equation 

ai 1 — a % nfi-L-i n =f ° (ai, -,a n ) 

=/o (a(ai),...,o-(a n )) 

= a l 1 --- a n"/o-(ii)...<r(i„) 



Polylinear mapping (5.4) is skew symmetric, if 

/ o (ai, ...,a n ) = \a\f o (cr(ai), ...,a(a n )) 
for any transposition a of set {ai, a n }. Here 

{1 transposition a even 
— 1 transposition a odd 

Theorem 6.4. If polylinear map f is skew symmetric, then 

(6-11) /«!,...,«„ = M/cr(ii),...,<T(i„) 

Proof. Equation (6.11) follows from equation 

a i 1 - a n"/»i-*T. =/ ° ( a l) ■•■: a «) 

=k|/° (cr(ai),...,cr(a n )) 

=a l 1 1 ...a^ T1 [(T|/ cr ( il )... (:r ( in ) 



□ 



□ 



Theorem 6.5. Let A be free finite dimensional associative algebra over the ring 
D. Let I be basis of algebra C(A;A). Let e be the basis of the algebra A over the 
ring D. Let polylinear over ring D mapping f be generated by set of mappings 
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(/fej , h n )■ Coordinates of the mapping f and its components relative basis e 
satisfy to the equation 

(6.12) fi lm ..i n =jCfa!X /fe i , ti-" / *n-ir G ioVt(ii) C fciu 

(R 1 1} fP _*to.-.ir> r, 2i r, 3n(~fk\ s-th /-ik n (~iv 

y°- vi> ) Jii...i n -Jt-k 1 ...kjk 1 - ll ■■■ i k n - lri ^ iorTt{ji) ^ klil ---^ ln _ irTt{jri) ^ kriiri 

Proof. In equation (6.1), we assume 

hi a; = ejihi-iiaf 

Then equation (6.1) gets form 

/o («!,..., a n ) = / t '° fci ;X e io at(a[ 1 I kl .fle jl )ei 1 ...at(al?I kn .f2e j Je in 

= al i--- al nflX' l .lJkiil---hj£e io a t {^ 
(6.14) . . . . 

— "l -""n Jt-ki...k n k fh" fe ™-*™ iofftG'i) feiii 

From equation (6.6) it follows that 



(6.15) fo (ai,...,a n ) = ep/?_ i-in a^...a*" 

Equation (6.12) follows from comparison of equations (6.14) and (6.6). Equation 
(6.13) follows from comparison of equations (6.14) and (6.15). □ 
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nojiHJiHHeimoe OTo6pa>KeHHe cbo6o,xj,hoh ajire6pbi 

AjieKcaHflp KjieiiH 



Ahhotaiimji. B CTaTte h paccMaTpiiBaio CTpyKTypy nojiHjiHHeftHoro OTo6pa- 

SteHHH CBo6o^HOH ajire6pbl Hafl KOMMyTaTIIBHBIM KOJIBHOM. 



COflEP>KAHHE 

1. Ajire6pa Ha^ kojibijom 1 

2. TeH3opHoe npon3Be/i,eHHe ajire6p 5 

3. JIimeiiHoe OTo6pajKeHiie b acconiiaTHBHyio ajire6py 8 

4. JIimeiiHoe OTo6pajKeHne b Heaccou,HaTiiBHyio ajire6py 10 

5. ITojiHjiHHeHHoe OTo6pa»;eHHe b accoD,naTiiBHyio ajire6py 10 

6. ITojiHjiHHeHHoe OTo6pa»ceHHe b CBo6o,i];Hyio kohghho MepHyio accouiia- 
THBHyio ajire6py 16 

7. Ciiiicok jiHTepaTypbi 18 

8. IIpe,n,MeTHbiH yKa3aTejib 19 

9. CneiriiajibHBie ciiMBOjibi h o6o3HaHeHHa: 20 



1. AjirEBPA HAfl KOJIbU,OM 

Onpe/jejieHiie 1.1. IlycTb D - KOMMyTaTiiBHoe kojibd;o. IlycTb A - MO^yjib Hafl 
kojibi^om D. 1 fljisi 3a,n,aHHoro 6iijiiiHeiffloro OTo6pa>KeHiifl 

/ : A x A -> A 

mbi onpe^ejiHM npoii3Be,n,eHHe b A 

(1.1) ab = fo(a,b) 

A - ajire6pa Ha,n; kojibljom D, ecjiH A - D-Mopyjib ii b A onpeflejieHa onepannsi 
npoii3Be,neHHa (1.1). Ecjih A HBjiaeTCH cbo6o,hhbim D-McyiyjieM, to A Ha3biBaeTCH 
cbo6o,i],hoh ajire6pofi Hafl kojibijom D. □ 
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^9tot no/rpas/ieji HanncaH Ha ocHOBe pa3/iejia [4]-2.2. 
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ITycTi> e - 6a3HC CBo6o,npoft ajire6pbi A Ha/i, kojibh,om D. Ecjih ajire6pa A mvreeT 
eflHHHny, iiojiojkhm e - e/xrmima ajire6pbi A. 

TeopeMa 1.2. Ilycmb e - 6a3uc ceoSodnou aAze6pu A Had KOAbvtpM D. Ilycmb 

a = a'e, b = Wei a,b E A 
IIpouaeedeHue a, b mochcho noAynumb cozAacno npaeuAy 

(1.2) {ab) k =C^a i b> 

zde C$j - CTpyKTypHtie kohcteihtbi ajire6pBi A Hafl kojibij,om D. IIpou3ee- 
denue 6a3ucnux eenmopoe e a,Aze6pe A onpcdcAtno cozaclcho npaeuAy 

(1.3) e-e^C&k 

/joKasameAbcmeo. PaBeHCTBO (1.3) HBjiaeTCH cjie^CTBHeM yTBepjKfleHHH, hto e hb- 
jiHeTCH 6a3HCOM ajire6pbi A. TaK KaK npoii3Be,n,eHHe b ajire6pe HBjiaeTCH 6iijiiiHeH- 
hbim OTo6pa»;eHHeM, to npoii3Be,i];eHHe a h b mojkho 3anHcaTt> b Bii^e 

(1.4) ab = a i b j e i e j 
H3 paBGHCTB (1.3), (1.4). cjie^yeT 

(1.5) ab = a i b j C^e k 

Tax Kax e HBjiaeTCH 6a3iicoM ajire6pbi A, to paBeHCTBO (1.2) cjie^yeT H3 paBGHCTBa 
(1.5). □ 

Onpe/jejiemie 1.3. ITycTb A\ h A2 - ajire6pbi Hafl kojibh,om D. JIimeiiHoe oto6- 
pa»ceHHe 2 

/ : A 1 ->. A 2 

D-wopyns. A\ b D-MO^yjib A2 Ha3biBaeTCH jiHHeimBiM OTo6pa>KeHHeM D-aji- 
re6pti A\ b Z?-ajire6py A2- 06o3HaHHM C(Ax\ A2) MHOJKecTBO jiiiHeiiHbix oto6- 
pajKeHiiit ajire6pbi A\ b ajire6py A2. □ 

Onpe^ejieHHe 1.4. IlycTb D - KOMMyTaTiiBHoe accoixiiaTHBH06 kojibijo. HycTb 
A±, A n - _D-ajire6pbi h S - D-Mopym>. Mbi 6yn,eM Ha3biBaTb OTo6pa*;eHHe 

/ : A x x ... x A^ -> S 

nojiHJiHHeiiHBiM OTo6pa>KeHHeM ajire6p Ax, ■ A n b MO/xynb S, ecjiii 

/ o (ox, ...,di + 6j, ...,a„) = f o (ox, ...,a», ...,«„) + / o (ax, —M, ...,a n ) 

f o (ax, ...,pa,i, ...,a n ) = pf o (ai, ...,a,i, ...,a n ) 

1 < i < n di, bi 6 A t p G D 

06o3HaHHM C(Ax, A„; S) mhojk6ctbo nojiHjiHHeiiHMx OTo6pajKeHini ajire6p Ax, 
A n b MOflyjib S. 06o3Ha x iHM C(A n ;S) mhojkgctbo n-jiiiHeiiHbix OTo6pajKeHiiii 
ajire6pbi A (Ax = ... = A n = A) b MOflyjib S. □ 
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ITojih jihhghhog OTo6pa5KCHHO CBC^oflHOH ajirc6pti 3 

Teopeivra 1.5. Ilycmb D - KOMMymamuenoe accou,uamuenoe KOJi'bup. IIycmt> A\, 
A n - D-aAze6pu u S - D-Modyjit>. Tlycmb omo6paoK.enusi 

f : A x x ... x A n S 

g : Ai x ... x A n -> S 

MBAJMomcji nojiujiuHeutiUMU omo6paMcenunMU. Tozda omo6pawcenue f + g, onpe- 
deAennoe paeencmeoM 

if + 9) (ai, ...,a„) = / o (ai, ...,o„) +.90 (ai, ...,a„) 

manatee siBJisiemcfi noAUAuneunuM. 

JloKasameAbcmeo. yTBepjKflemie TeopeMbi cjie^yeT H3 n;enoHeK paBeHCTB 

(/ + g)o(x 1 ,...,x i +y i ,...,x n ) 
=f o (xi, ...,Xi + yi, ...,x„) +go(xi, ...,x l + y t , ...,x n ) 
=fo (xi,...,Xi,...,x n ) +fo (xi,...,yi,...,x n ) 
+g o (x-i, ...,Xi, ...,x n ) +go(xi, ...,yi, ...,x n ) 
=(f + 9) ( x i, --^i, -,x n ) + (/ + .9) (xi, ~.,yi, :;X n ) 

(/ + 5) -,PXi, -,x n ) 
=f o (xi, ...,pxi, ...,x n ) + go (xi, ...,px i} ...,x n ) 
=pf (xi, ...,Xi, ...,x n ) +pgo (x 1} ...,Xi, ...,x n ) 
=p(f (xi, —,Xi, ...,x n ) +go(xi, ...,Xi, ...,x n )) 
=p(f + g) (x lt ...,Xi, ...,x n ) 

□ 

Cjie/i,CTBHe 1.6. PaccMompuM ajize6py A\ u aAze6py Ai- Tlycmb omo6pawcenusi 

f:A 1 ^A 2 
g : Ai -> A 2 

MBAJMomcji AuneuHUMU omo6paotcenujiMU. Tozda omo6pawcenue f + g, onpedeAen- 
noe paeencmeoM 

{f + g)oa = foa + goa 
maKCHce MeAJiemcM AuneunuM. □ 

TeopeMa 1.7. riycmb D - KOMMymamuenoe accou,uamuenoe KOAt,up. Tlycmti A\, 
A n - D-aAze6pu u S - D-ModyAt>. Uycmt, omo6paotcenue 

f : At x ... x A n ->■ S 

RBAKemcn noAUAuneunuM omo6paatceHueM. Toada omo6pawcenue pf , p £ D, onpe- 
deAennoe paeencmeoM 

(pf) o x = p f o x 

manatee sieAfiemcsi noAUAuneunuMU. FIpu smoM eunoAHJiemcM paeencmeo 

p(qf) = (pq)f 

{p + q)f=pf + qf 
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/JoKasameAbcmeo. YTBepjKfleHHe TeopeMti cjieflyeT H3 n;enoHeK paBeHCTB 
(pf) ° (xi, -,Xi +y i: ...,x n ) =p fo (xi, ...,Xi + yi, ...,x n ) 

=P if ° (xi, -,Xi, ...,x n ) + f o (xi,...,yi, ...,x„)) 
=p fo (xi, ...,Xi, ...,x n )+p / o (xi,...,y i: ...,x n ) 
= (pf) ° (xi,...,Xi, ...,x n ) + (pf) o (x 1 ,...,y l , ...,x n ) 
(pf) o (xi, ...,qxi, ...,x n ) =p fo (xi, ...,qxi, ...,x„) = pq f o (xi, ...,Xi, ...,x n ) 
=qp f o (xi, ...,x n ) = q (pf) o (xi, ...,x n ) 
(p(qf)) ° (xi, -,x n ) =p (qf) o (xi, ...,x n ) =p (q f o (xi, ...,x n )) 
=(pq) fo (xi,...,x n ) = ((pq)f) o (xi, ...,x n ) 
(ip + q)f) ° (xi,...,x n ) =(p + q) fo (xi,...,x„) 

=p fo (xi, ...,X„) + q f o (xi, ..,l n ) 
=(p/) (si)— + (g/) o (xi, ...,x„) 

□ 

Cjie/i;cTBHe 1.8. PaccMompuM aAzc6py A\ u a,Age6py A 2 . Ilycmb omo6pacnceHue 

f : A x -> A 2 

MeAJiemcM AuneuHUM omo6pawceHueM. Tozda omo6pacncenue pf , p G D, onpede- 
A6HH06 paeencmeoM 

(pf) ° x = p f o X 
manatee MBAJiemcM auhcuhum. Hpu 3moM eunoAHfiemcsi paeencmeo 

p(qf) = (pq)f 

(p + q)f=pf + qf 

□ 

TeopeMa 1.9. Ilycmb D - KOMMymamuenoe accovtxiamuenoe KOAbbp. Ilycmb A\, 
A n - D-aAze6pu u S - D-ModyAb. MnocHcecmeo C(A\, A n ; S) sieAncmcsi D- 
ModyACM. 

fl^oKa3amcAbcmeo. TeopeMa 1.5 onpeflejiaeT cyMMy nojinjiiiHenHbix OTo6pajKeHiifi 
b D-MO/jyjit S. IlycTb /, g, h 6 C(A±, A 2 ; S). JXjih jiK>6oro a = (oi, a n ), 
oi G Ai, a n € A n , 

(/ + g) o a =f oa + goa = goa + foa 

=(g + f)°a 

((/ + g) + h) o a =(/ -\-g)oa+hoa = (foa + goa) + hoa 
= f oa + (goa + hoa) = f o a + (g + h) o a 
={f + {9 + h))oa 

CjieflOBaTejibHO, cyMMa nojiHjiHHeiiHbix OTo6pa>KeHHii KOMMyTaTHBHa h accomia- 

TIIBHa. 

0To6pa>KeHHe z, onpe^ejieHHoe paBeHCTBOM 

z o a = 

HBjiaeTCH HyjieM onepanpii cjiojKeHira, Tax KaK 

(z + f)oa = zoa + foa = Q + foa = foa 



IIojihjihhchhoc OTo6pa5KCHHC CBoSoflHOH ajirc6pi,i 
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,ZI,jih 3a,n,aHHoro OTo6pajKeHiiH / OTo6pa»ceHHe <?, onpeflejieimoe paBeHCTBOM 

g o a — —f o a 

y^OBjieTBopHeT paBeHCTBy 

/ + 9 = z 

Tax KaK 

(f + g)oa — foa + goa = foa — / o a = 
CjieflOBaTejibHO, mhojkcctbo yC(A!; ^4 2 ) HBjiHeTCH a6ejieB0ft rpynnoii. 

H3 TeopeMbi 1 . 7 cjie^yeT, hto onpe^ejieHHO npeflCTaBjiemie KOJibija D b a6ejieB0H 
rpynne C{A\, A„; 5 1 ). TaK KaK KOJibup D HMeeT eflHHiiny, to corjiacHO TeopeMe 
[4] -2. 1.1 yKa3aHHoe npeflCTaBjiemie scpepeKTiiBHO. □ 

CjieflCTBHe 1.10. Ilycmb D - KOMMymamuenoe KOAbup c eduHuv,eu. PaccMompuM 
D-aJise6py A\ u D-ajize6py A2. Mnocucecmeo C(A\; A2) sieAsiemcsi D-ModyAeM. 

□ 

TeopeMa 1.11. Ilycmb A - aAze6pa Had KOMMymamueHUM KOAbvpM D. ModyAb 
C(A;A), ocHavjfiHWbiu npou3eedenueM 

(1.6) o : (g, f) 6 C(A; A) x C(A; A) g o / e £(A; A) 




A 



A 



9°f 




A 



RBAfiemcsi aAze6pou Had D. 

/JoKa3ameAbcmeo. Cmotph /i,OKa3aTejibCTBO TeopeMbi [4]-2.4.5. 

2. TEH30PHOE nPOH3BEflEHHE AJirEBP 



□ 



Onpe/jejiemie 2.1. IlycTb Ai, A n - CBo6o,n,Hbie ajire6pbi Hafl KOMMyTaTHBHbiM 
KOJibijOM D. 3 PaccMOTpHM KaTeropHio A o6T.eKTaMn KOTopofi sbjihiotch iiojiiijiii- 

HeflHbie Hafl KOMMyTaTHBHbiM KOJIbH,OM D 0T06pa>KeHHH 



/ : A 1 x ... x A r , 



Si 



g : A t x ... x A % 



S 2 



rpp Si, S2 - MO/ryjiH Hafl KOJibn,OM D. Mbi onpeflejiiiM Mop<pii3M / — > g KaK jih- 
Heteoe Ha,n KOMMyTaTHBHbiM kojimjom D OTo6pa»ceHiie h : S% — > S2 , RJih KOToporo 
KOMMyTaTiiBHa ,a,HarpaMMa 

A\ x ... x A 




yHHBepcajibHbiit 061,6^ A\® ...® A n KaTeropHH A Ha3biBaeTCH TeH3opHtiM 
npoH3Be,a;eHHeM ajire6p Ai, A n . □ 



^51 onpeflejmio T6H3optio6 npoii3BeseHHe anre6p no aHajioriiH c onpe^ejieHHeM b [1], c. 456 
458. 3tot no^pas^eji HanncaH Ha ocHOBe paa^ejia [4]-2.5. 
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Onpe^ejieHHe 2.2. TeroopHoe npoH3Be,a,eHHe 

A® n =Ai® ... ® An A 1 = ... = A n = A 

Ha3BiBaeTCH TeH3opHoii CTeneHbio ajire6pti A. □ 

TeopeMa 2.3. TeH3opnoe npou3eedeHue aA3e6p cympcmeyem. 

JJoKasamejibcmeo. IlycTb M - MO^yjib Hafl KOJibupM D, nopo^KfleHHMH npoii3Be,n,e- 
mieM A\ x ... x A n ajire6p A\, A n . HHteKi^iia 

i : Ai x ... x A n s- M 

onpe/i,ejieHa no npaBHjiy 

(2.1) io(dx,—,dn) = {di,—,d n ) 
IlycTb N C M - noflMOflyjib, noposKflenHbifi ajieivieHTaMH Bii^a 

(2.2) (di,...,di + Ci,...,d n ) - (di,...,di,...,d n ) - (di,...,Ci,...,d n ) 

(2.3) (di, ...,adi, ...,d n ) - a{d\, d h d n ) 
rfle di e Ai, a £ Aj, a E D. IlycTb 

j : M -> M/iV 

KaHOHHnecKoe OTo6pa:aceHiie na cpaKTopMO/ryjib. PaccMOTpHM KOMMyTaTHBHyio ^na- 
rpaMMy 

(2.4) M/N 




Ai x ... x A 

IIocKOjibKy sjieMeHTbi (2.2) h (2.3) npHHafljiexaT a^py jiHiieiiHoro OTo6pajKeini5i 
j, to H3 paBGHCTBa (2.1) cjieflyeT 

(2.5) / o (di, ...,di + Ci, d n ) =f o (di, di, d n ) + / o (di, Cj, d n ) 

(2.6) /o (di, ...,adj, ...,d n ) =a f o (di, d t , d n ) 

H3 paBCHCTB (2.5) ii (2.6) cjie^yeT, hto OTo6pajKeHHe / nojiiijiimeiiHO Ha,a, kojibii,om 
£>. IIocKOjibKy M - MO^yjib c 6a3HCOM A\ x ... x A n , to, coraacHO TeopeMe [1]-1 Ha 
c. 104, fljia jiio6oro M0^,yjia V h jiio6oro nojimiiiHeiiHoro Ha,n -D OTo6pa>KeHHH 

3 : Ai x ... x A„ V 

cymecTByeT e/niHCTBeHHbiii roMOMopcpii3M k : M — Y V, pjlh KOToporo KOMMyTaTHB- 
Ha cjieflyiomaa flHarpaMMa 

(2.7) A 1 x ... x An 

k 




Tax KaK g - nanHjiimeftHO Hafl D, to kcr k C N. Corjiacno yTBep»:/i,eHiiio Ha 
c. [l]-94, OTo6pa»ceHiie j yHHBepcajibHO b KaTeropHH roMOMopcpn3MOB bcktophoto 
npocTpancTBa M, Rflpo kotophx co^epjKHT N. CjieflOBaTejibno, onpe^ejieH tomo- 

MOp(pH3M 

h : M/N V 



IIOJIHJIHHCHHOC OTo6pa5KCHHC CBoSoflHOH ajirc6pbl 
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AJih KOToporo KOMMyTaTHBHa flHarpaMMa 

(2.8) M/N 



M 



V 

OSte^HHSH fliiarpaMMbi (2.4), (2.7), (2.8), nojiyniiM KOMMyTaTHBHyio fliiarpaMMy 
(2.9) M/N 



A x x ... x A 



Tax KaK Im/ nopojKflaeT M/N, to OTo6pa»ceHHe h o,a,H03HaHHO onpeflejieHO. □ 
CoraacHO flOKa3aTejibCTBy TeopeMbi 2.3 

At ® ...®A n = M/N 
J^jisi di £ Ai 6yn,eM 3anHCbiBaTb 

(2.10) jo(di,...,dn) = di®...®dn 

TeopeMa 2.4. IIycm& A\, A n - aAgedpu nad KOMMymamuenuM koa^om D. 
Ylycmb 

f : Ai x ... x An -> Ai (8 ... ® A„ 

noAUAUHetiHoe omo6pacnceHue, onpedeAennoe paeencmeoM 

(2.11) /o(d 1) ...,d n ) = di(8i...<g)d„ 

g : 4i x ... x An V 

noAUAUHeiiHoe omo6pacnceHue e D-ModyAb V . Cyiu,ecmeyem D-AUHeunoe omodpa- 
otcenue 

h : A 1 ® ... <g) y4„ -> V 

maKoe, umo duazpaMMa 

(2.12) Ax®...® An 

/ 

Ai x ... x A 



KOMMymamuena. 
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JJoKa3ameAbcrneo. Prbghctbo (2.11) cnepyeT H3 p^bghctb (2.1) ii (2.10). Cyme- 
ctbobclhhg OTo6pajKeHHa h cnepyeT H3 onpeflejieHHa 2.1 h nocTpoemiH, BbinojiHeH- 
hbix npH /i,OKa3aTejibCTBe TeopeMbi 2.3. □ 

PaBGHCTBa (2.5) h (2.6) mojkho 3anHcaTt> b Biifle 

ai ® ... ® (di + h) ® ... <g> a n 

(2.13) 

=aj ® ... <g> aj ® ... (g> a n + ai <g> ... <g> 6, 65 ... ® a n 

(2.14) ai ... (8) (ca») <8> ... ® a n = c{a\ ® ... (8 a, <g> ... ® a„) 

a l ei, b t E Ai c E D 

TeopeMa 2.5. Ilycmb A - aAze6pa Had KOMMymamuenuM KOAbv,OM D. Cymfi- 
cmeyem AuneuHoe omo6paatceHue 

h: a®b€A®A^-abeA 

/toKasameAbcmeo. TeopeMa HBjiaeTCH cjieflCTBneM TeopeMbi 2.4 h onpeflejieHHH 1.1. 

□ 

TeopeMa 2.6. TeH3opnoe npouaeedenue A\ ® ... ® A n ceoSodnux kohghhomgp- 
hux aAze6p A±, A n Had KOMMymamuenuM KOJibUflM D siejifiemcsi ceo6odnou 
KOHeunoMeptiou aAze6pou. 

Ilycmb Hi - 6a3uc ajize6pu Ai Had KOAbvftM D. IIpou360AbHuu meH3op a £ 
Ai ® ... ® A n modkho npedcmaeumb e eude 

(2.15) a = a^-^ei.^ ® ... ® e„.i„ 

Mm 6ydeM na3ueamb eupaatcenue a* 1 '" 1 ™ CTaH^apTHOH KOMiiOHeHTOH TeH30- 
pa. 

/joKasamejibcmeo. Cmotph /i,OKa3aTejibCTBO TeopeMbi [4]-2.5.6. □ 

3. JlHHEHHOE OTOBPA>KEHHE B ACCOD,HATHBHyiO AJIEEBPY 

TeopeMa 3.1. PaccMompuM D-aAze6pu A\ u Ai. JJah 3adaHHozo omo6pawceHusi 
f G £(Ai; A 2 ) cyuificmeyem AuneilHoe omo6paotceHue 

h: A 2 ®A 2 ^ £(Ai;A 2 ) 

onpedeAetmoe paeencmeoM 

(3.1) (a (8 6)0 / = afb 

floKa3ameAbcmeo. Cmotph ,n,OKa3aTejii>CTB0 TeopeM [4]-2.6.1 h [4]-2.6.2. □ 

TeopeMa 3.2. PaccMompuM D-aAze6pu A\ u A 2 . OnpedeAUM npou3eedenue e 
a,Aze6pe A 2 ® A 2 cozAacno npaeuAy 

(3.2) (c ® d) o (a (gi b) = (ca) ® {bd) 
JiuneuHoe omo6pacnceHue 

(3.3) h: A 2 ® A 2 ^ * £(A i; A 2 ) 
onpedeAetmoe paeencmeoM 

(3.4) [a®b)of = a fb a,b e A 2 fe£(Ai;A 2 ) 



IIojihjihhchhoc OTo6pa>KCHHC CBoSoflHOH ajirc6pi,i 
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RGJisiemctt npedcmaeAenueM a/iee6pu A2 ® A2 e Modyjie C(Ai; A2). 

fl^oKoaameji/bcmeo. Cmotph flOKa3aTejibCTB0 TeopeMbi [4J-2.6.3 □ 

TeopeMa 3.3. PaccMompuM D-aA2e6py A. OnpedeAUM npou3eedenue e aAze6pe 
A® A cozjiactio npaeuny (3.2). npedcmaeAenue 

(3.5) h: A®A->*£(A;A) 
a,Aze6pu A® A e ModyAe C(A; A), onpedeAennoe paeencmeoM 

(3.6) (a®b)o f = afb a,b G A f G C(A;A) 

no360AHem omoatcdecmeumb meH3op d G A® A c omo6pamcenueM doS G C{A] A), 
zde 6 G C(A; A) - mojtcdecmeennoe omo6paMcenue. 

JJoKaaameAbcmeo. Cmotph flOKa3aTejibCTB0 TeopeMbi [4]-2.6.4 □ 

H3 TeopeMbi 3.3 cjie,nyeT, mo OTo6pa>KeHHe (3.4) mojkho paccMaTpHBaTb KaK 
npoii3Be,u;eHHe OTo6pa>KeHnii a® b h /. 

TeopeMa 3.4. PaccMompuM D-aAze6py A\ u accouuamuenym D-aAze6py A2- Pac- 
CMompuM npedcmaeAenue aAze6pu A2 ® A2 e ModyAe C(A±; A2). Omo6pamcenue 

h : Ax ->• A 2 

nopowcdennoe omodpamcenueM 

f:A 1 ^A 2 

uMeem eud 

(3.7) h = (ag.o ® a s .i) o / = a s . /a s .i 

/(oKasameAbcmeo. Cmotph flOKa3aTejibCTBO TeopeMbi [4J-2.6.6 □ 

TeopeMa 3.5. Ilycmb A - ceo6odnan Konenno Mepnan accouuamuenasi aAze6pa 
Had noAeM D. npedcmaeAenue aAze6pu A® A e anze6pe C(A; A) UMeem Konennuu 
6a3HC /. 

(1) JIuHeunoe omodpaofceHue f G C(A; A) UMeem eud 

(3.8) / = (a k . Sk . ®a k . Sk .i) o I k = ^a k . Sk . Q I k a k . Sk . 1 

k 

(2) Ezo cmandapmnoe npedcmaeAenue UMeem eud 

(3.9) / = a k •« (e f ® e, ) o I k = ^"r,/^, 

floKasameji'bcmeo. Cmotph ^OKasaTejibCTBO TeopeMbi [4]-2.7.5 □ 



^Onpe^ejieHHe npeflCTaBJiemisi f2-ajire6pbi flaHO b onpeflejieHHH [3]-2.1.4. 
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4. JlHHEHHOE OTOBPA>KEHHE B HEACCOI^HATHBHyiO AJirEBPy 

TaK Kax npoii3Be/i,eHHe HeaccoiniaTHBHO, mm mojkcm npe/HiojiojKHTb, hto A eH - 
CTBiie a, b 6 A Ha OTo6pajKGHiie / mcokbt 6biTb npeflCTaBjieHHO jih6o b BHfle a(fb), 
jih6o b BHfle (af)b. 

TeopeMa 4.1. Ilycmb e\ - 6a3uc c6o6o3hou KonenHO Mepnou D-aAze6pu A\ . Ilycmb 
e~2 - 6a,3uc ceo6odnou KOHeuno Mepnou HeaccouiLamuenou D-aAze6pu A2- Ilycmb 
C2-^i - cmpyKmypHue KOHcmaHmu aAze6pu Ai. Ilycmb omo6paMcenue 

(4.1) g = aof 

nopoDfcdemioe omo6paofceHueM f G {A\; A2) nocpedcmeoM men3opa a G A2 ® A2, 
UMeem cmandapmnoe npedcmaejienue 

(4.2) g = a ij (ei ® e 5 ) o / = ./"u,/.-, 

Koopdunamu omo6paMcenu}i (4.1) it ego cmandapmnue KOMnonenmu cesi3awbi pa- 
eencmeoM 

(4-3) <?f = fT^Ch^Ch.^ 

fl^oKa3amcAbcmeo. Cmotph ,n,OKa3aTejibCTBO TeopeMbi [4J-2.8.3 □ 

TeopeMa 4.2. Ilycmb A - ceo6odnan kohchho Mepnan HeaccouiiamuenaR aAze6pa 
nad KOJibupM D. UpedcmaeAenue ajize6pu A® A e aAze6pe C(A; A) UMeem kohch- 

HUU 6d3UC I . 

(1) JIuHeunoe omo6paoKeHue f g C(A; A) UMeem eud 

(4.4) / = (a k . Sk . Q (g) a fc . Sfc .i) o 7 fe = (a fe . St . 4-)afe-s fc -i 

(2) i?go cmandapmHoe npedcmaeAenue UMeem eud 

(4.5) / = a'- i j (T, ®ej) o J fc = a k i ^ {ej^ej 

JJoKasameAbcmeo. Cmotph flOKa3aTejn>CTB0 TeopeMbi [4J-2.8.4 □ 

5. nOJIHJlHHEHHOE OTOBPA>KEHHE B ACCOI^HATHBHyiO AJlTEBPy 

TeopeMa 5.1. Ilycmb Ai, A n , A - accouiiamueHue D-aAze6pu. Ilycmb 

fieC{Ai\A) i = l,...,n 

a,j g A j = 0, ...,n 
^Zfyiji 3adanHou nepecmanoeKU a n nepeMeHHUX omo6paofceHue 

((ao,...,a„) o a(fi, f n )) ° (xi,...,x n ) 
(5.1) = (aaa(fi)ai...a„-io-(fn)a n ) o (xi, ...,x n ) 

= oocr(/i o a;i)oi...o re _i<7(/„ o x n )a n 
KBAKcmcR n-AUHeiiHUM omo6paDfceHueM e aAzc6py A. 
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JJoKasameAbcmeo. yTBepjKflemie TeopeMti cjie^yeT H3 i^enoneK paBeHCTB 
((oo, ...,a n ,a) o (/i, /„)) o (xi, ...,Xi + yi, ...,x n ) 
=ao&{h xi)ai...a(fi o (x» + y i ))...a n _ 1 (j(f n o x n )a n 
=a a(fi o xi)ai...a(fi oi, + y i ).,.a n -icr{f n o x„)a n 
=a <j(f 1 o xx)a\...a(fi o x,-)...o n -io'(/ n oi„)n„ 
+aoo-(/i o xi)ai...<r(/i o y t )...a n -ia(f n o x n )a n 
=((a , ...,a„,cr) o ...,/„)) o (xi, ...,£„) 
+ ((a , ...,a„,<r) o (/ x , /„)) o ...,£„) 

((a , ...,a„,cr) o (/i, /„)) o (xi, ...,pxj, ...,£„) 
=aoo-(/i ° Xi)oi...<r(/i o (px l ))...a„_icr(/„ o x n )a„ 
=aoO"(/i o xi)ai...<r(p(/j o x i ))...a„_icr(/„ o x„)a„ 
=p(a <r{f 1 o xi)ai...cr(/ l o x l )...a n ^ 1 a(f n o x„)a„) 
=p(((a , ...,a n ,a) o /„)) o (xi, a;,, ...,x n )) 

□ 

B paBencTBe (5.1), TaioKe krk h b flpyrnx BbipajKenHHx ncuiHJiHHeitHoro oto6- 
pasKeHHH, npHHHTO corjiaineHiie, hto OTo6pa»ceHHe fi hmg6t cbohm apryMeHTOM 
nepeMeHHyio x%. 

TeopeMa 5.2. Ilycmb A\, A n , A - accov,uamueHue D-ajize6pu. JJ^ak 3adauHozo 
ceMeilcmea omo6paatceHuu 

fi&C{Ai\A) i = l,...,n 

omo6paatceHue 

h : -> C(A u ...,A n ;A) 

onpedeAetmoe paeencmeoM 

(ao, ...,a n ,cr) o ...,/ n ) = aocr(/i)ai...a n -icr (f n )a n 
RBMiemcsi n + l-AunetiHUM omo6paotceHueM e D-ModyAt> C(A\, j4 ra ; ^4). 
JJoKaaameAbcmeo. YTBepjKfleHHe TeopeMti cjieflyeT H3 i^enoneK paBeHCTB 

((oo, ...,a 2 : + 6i, ...a„,cr) o (/ l5 ...,/„)) ° (xi, ...,x„) 
=oof(/i o xi)ai...(a t + bi)...a n -i(j(fn ° £n)a n 

=aoc(/i Xi)oi...Oi...o n _itr(/„ o x„)a„ + a <r(/i o x 1 )ai...6i...o n _itr(/„ o x„)a„ 
=((a , ...,Oi, ...,a„,cr) o (/i, ...,/„)) o (xi, ...,x n ) 
+((a , ...,6,:, ...,a n ,a) o (A, ...,/„)) o (x x , ...,x„) 

=((oo,...,aj,...,o n ,cr) o (/i,...,/ n ) + (a ,...,6 ! ,...,a n ,a) o (/i, /„)) o (xi,...,x„) 

((oo,...,l>Ot,...On,o-) o (/i, ...,/„)) o (xi,...,x„) 
=a.o<r(fi o xi)ai...pai...a„_icr(/„ o x„)a„ 
=p(a cr(fi o xi)ai...aj...a„_io-(/ n o x„)a„) 
=p(((ao, ...,Oi, ...,a„,a) o ...,/„)) o (xi, ...,£„)) 
=(p((ao, ...,a l; ...,a n ,CT) o (/i, ...,/„))) o (xi, ..,i n ) 
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□ 



TeopeMa 5.3. Ilycmb A\, A„, A - accov,uamu6Hue D-cuize&pu. JJ^ar 3adauHozo 
ceMeucmea omo6paatceHuu 

fieC(Ai-A) i = l,...,n 
cymficmeyem auhcuhoc omo6paatceHue 

h:A® n+1 xS n ^£(A u ...,A n] A) 
onpedeAetmoe paeencmeoM 

, K x (ao <S> ■■■ <8> a„,a) o = (o , a„, a) o 



floKa3ameM>cmeo. YTBepjKfleHHe TeopeMbi hbjihctch cueflCTBiieM TeopeM 2.4, 5.2. 

□ 

TeopeMa 5.4. Ilycmb A\, A n , A - accoVjUamuenue D-aAae6pu. JJ^ak 3adauHozo 
meH3opa a € A® n + l u 3adannou nepecmanoeKU a £ S n omo6pamceHue 





n 



h:Y[C(A i ;A)->C(A 1 ,...,A n ;A) 



!=1 

onpedeAeHHoe paeencmeoM 

(o ® ... ® a„,er) o (/i,...,/„) = a cr(/i)ai...a„_icr(/„)a„ 
KBASiemcsi n-AUHetiHUM omo6pamcenueM e D-ModyAb C(Ai, A„; A). 
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JJoKasameAbcmeo. YTBepjKfleHHe TeopeMbi cjiepyei H3 i^enoneK paBeHCTB 
((a ® ... ®a„,<r) o (/i,..., /, +5,-, ... ,/„)) o (a;i,...,x„) 
=(aoc r (/i)ai...cr(/ J + 5i)...a„_i<r(/ n )a„) o (zi, ...,x n ) 
=a cr(/i oa;i)ai...cr((/j +&) o Xi)...a n -ia(f n ox n )a n 
=aoc(/i o xx)a\...a{fi ox l +g l o x l )...a n ^icr(f n o x„)a„ 
=ao(j{h o xi)ai...a(fi o Xi)...a n -ia(f n o x n )a„ 
+a er(/i o xi)ai...CT(.g l o a; i )...o n _i£7(/ ri o x„)a„ 
=(aoc r (/i)a 1 ...cr(/ J )...a„„i(T(/„)a n ) o ...,x n ) 
+(aoc r (/i)ai...cr(g i )...a n _icr(/„)a„) o (xi, ...,x„) 
=((o ® ... (8 a„,cr) o (/ ls / is ...,/„)) o (xi,...,x„) 

+ ((ao ® ••• <8> a„,cr) o ...,/„)) o (xi, ...,X„) 

=((00 ® ... ® a„, cr) o fi, /„) 

+(a ® ... ® a n ,cr) o (/!, ...,/„)) o ...,x„) 

((o ® ... <8> a„,cr) o (/ ls ...,/„)) ° (sci, ...,x n ) 

=( a o0-(/i)ai, ...a(pfi)...a n -ia(f n )a n ) o (xi, ...,x n ) 
=ao<r(fi o xi)ai, ...a((pf t ) o Xi)...a n -i<j{f n ^n)a„ 
=a cr(/i o xi)ai, ...a(p(fi o Xi))...a„_icr(/„ o x„)a„ 
=p(a a(/i o xi)ai, ...tr(/i o x i )...a n _icr(/ n o x„)a„) 
=p(((a ® ■■■ ® a„,cr) o f h ...,/„)) o (xi, ...,x„)) 

=(p((a ® ... ® a„,cr) o ...,/„))) o (xi, ...,x„) 

□ 

TeopeMa 5.5. Ilycmb A\, A n , A - accovALamuewbie D-cuize&pu. JJ^asi 3adauHozo 

meH3opa a G _4® n+ u sadannou TiepeCUlCLHOGKU G G S n CyU^GCUlGyGlTl AUHGUHOG 

omo6pacnceHue 

h : C{A X ;A) ® ... ® £{A n ;A) -> £(Ai, A„; A) 
onpede/ieHHoe paeencmeoM 

(5.3) (o ® ... <E> a n ,<x) o (/j ig ... ® /„) = (a ® ... <E> a n ,a) o (f 1 , /„) 

/(oKasameAbcmeo. yTBepjKflemie TeopeMbi HBjiHeTCH cjieflCTBiieM TeopeM 2.4, 5.4. 

□ 

TeopeMa 5.6. Ilycmb A - accov^uamuenasi D-ajize6pa. IIoAUAUHeunoe omo6paotce- 
nue 

(5.4) /: A n ^■A,a = fo(a 1 ,...,a n ) 
UMeem eud 

(5.5) a = fl a s {Ii. s o ai) fix - cr s (/ n . s o a„) /™. n 
gcte ct s - nepecmatioe-Ka MHoatcecmea nepeMennux {ai,...,o n } 

( 0,1 ... a„ \ 
lcr s (ai) ... <7 s (a n )J 
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floKaaamejibcmeo. Mbi flOKajKEM yTBepacflemie HHflyKuiieft no n. 

IIpH n = 1 ,n,OKa3i>iBaeMoe yTBepjKflemie aBjiaeTca cjieflCTBiieM yTBepjKfleHHJi (1) 
TeopeMbi 3.5. Ilpn stom mbi MOsceM OTO»cflecTBHTB° 

fi P = fs- P p = o,i 

flonycTHM, hto yTBepscfleHHe TeopeMBi cnpaBe^jinBO npn n = k — l. Tor^a oto6- 
pajKeHiie (5.4) mojkho npe^CTaBHTb b BH,n,e 

/ 




fe-i 



a = f (oi, -,Ofc) = (.9 o Ofe) o (oi, ...,Ofc_i) 
CorjiacHO npe^nojiojKeHiiio HH,zryKii,nH nojiiuiiraeHHoe OTo6pa»ceHHe ft HMeeT bh,h 



/if.o 1 cr t (/i. t ooi) ft: 



fc-i 

M 



vt(h-i t ° au-i) h 



fc-i 
t-fc-i 



CorjiacHO nocTpoeHHio ft = j o a fc . CneflOBaTejiBHO, BBipajKemra ft t . p hbjihiotch 
(pyHKE,HHMH Ofe. riocKOjiBKy jo«i - jinHeiinas: cpyHKinia Ofe, to tojibko o/i,ho BBipa- 
jKenne ftt. p HBjiaeTCH jiHHetaoH cpyHKHiieii nepeMeHnoft a&, h ocTajiBHBie BBipajKe- 

HHH h t . q He 3aBHCHT OT Ofe. 

He HapyinaH o6hthocth, iiojiojkhm p = 0. CorjiacHO paBeHCTBy (3.7) jsjisl 3aflaH- 
Horo t 



■ k-l 
ho 



gtr-0 Ik r ° ak 9tr- 



ilojiojKHM s = tr h onpe/i,ejiHM nepecTaHOBKy <7 S corjiacno npaBiuiy 



<Jtr 



ak ai 
ak c*(oi) 



afc-i 
ct(afc-i) 



IiOJIOJKHM 



r-q+1 



ft*" 1 



tr-q — 9tr 



9 = 1, 
'7 = 



..,fc - 
0,1 



1 



Mbi flOKa3ajiH inar inmy kitmh . 



□ 



Onpe/jejiemie 5.7. BBipaxemie /™. p b paBeHCTBe (5.5) Ha3BiBaeTC5i komiiohgh- 

TOH nOJIHJIHHeHHOrO OTo6pa}KeHHH /. □ 

TeopeMa 5.8. PaccMompuM D-aAze6py A. JIuHeunoe omo6pacnceHue 

ft : A® n+1 xS n ^ *C{A n -A) 



J B npeflCTaBJieHHH (5.5) mm 6y r n;eM nojiB30BaTBC5i cjie^yiOHjHMH npaBHJiaMH. 

• Ecjih o6jiacTB 3HaMeHHH KaKoro-jiH6o HH^eKca - 3to mhq>k6ctbo, cocTonmee H3 o^,Horo 
sjieivieHTa, mbi 6yfleM onycKaTB cooTBeTCTByiOHniH HHfleKC. 

• Ecjih n = 1, to <j s - TCc-KflecTBeHHoe npeo6pa30BaHiie. 9to npeo6pa30BaHiie mojkho He 
yxa3BiBaTB b BBipa^KeHiiH. 



IIOJIHJIHHCHHOC OTo6pa5KCHHC CBoSoflHOH ajirc6pbl 
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onpedeAetmoe paeencmeoM 

^ (oo ® ■■■ ® a n ,cr) o (/i ig) ... ® /„) = a cr(/i)oi...o ri _i<r(/ n )a„ 

a ,...,a„Gvl cr e 5„ /i, f n E C{A n ; A) 

HGJisiemcM, npedcmaeAenueM 6 ame6pu A® n+1 x S n e D-ModyAe C(A n ;A). 

JJoKaaameAbcmeo. Corjiacno TeopeMaM 3.5, 5.6, n-jnmeHHoe OTo6pa»ceHHe mojkho 
npeflCTaBHTb b Btme cyMMbi cjiaraeMbix (5.1), r^e fi, i = 1, n, renepaTopbi 
npeflCTaBjiemia (3.3). 3anHineM cjiaraeMoe s Bbipa>KeHHH (5.5) b BHfle 

(5.7) 6icr(ii. s o Xi)ci6 2 ---c n -i6„cr 
rfle 

&i = /"o h = ... = b n = e ci = /".! ... c„ = /".„ 
IIojiojkhm b paBeHCTBe (5.7) 

fi = (T~ 1 (b l )I i . s a~ 1 (c l ) i = 1, ...,n 

Cjie/i,OBaTejibHO, corjiacHO TeopeMe 5.3, OTo6pa»ceHHe (5.6) HBjiaeTCH npeo6pa30Ba- 
HH6M MO,nyjiH C(A n ; A). Jlnsi ^aHHoro TeH3opa c G A® n+1 h saflaHHOii nepecTaHOB- 
kh a G S n , npeo6pa30BaHiie /i(c, a) HBjineTCH jiiiHeftHbiM npeo6pa30BaHiieM Mopyna 
£{A n ; A) corjiacHO TeopeMe 5.5. CorjiacHO TeopeMe 5.3, OTo6pa»ceHHe (5.6) HBjiaeT- 
ca jiHHeftHbiM OTo6pajKemieM. CorjiacHO onpeflejieHiiio [3]-2.1.4 OTo6pa>KeHHe (5.6) 
HBjiaeTCH npeflCTaBjieHHeM ajire6pbi x S" b MO/ryjie C(A n ; A). □ 

TeopeMa 5.9. PaccMompuM D-aAze6py A. IIpedcmaeAeHue 

h : A® n+l xS„^ *C{A n -A) 

aAee6pu A® n+1 e ModyAe C(A n ]A) ; onpedeAenHoe paeencmeoM (5.6) no3eoAJiem 
omoDtcdecmeumb men3op d G A® n+l u nepecmanoeKy a G S n c omo6pawcenueM 

(5.8) (d,a)o (/!,..,/„) .h = 6e£(A;A) 
zde 8 G £{A; A) - mootcdecmeennoe omo6paoKenue. 

/^OKaaameAbcmeo. Ecjih b paBencTBe (5.2) mbi iiojiojkhm fi = 5, d = ao (g> ... (g> a n , 
to paBeHCTBO (5.2) npiio6peTaeT bha 

, r „s {{ao <8 ... ® a„,er) o (<5, ...,£)) o (xi, ...,x„) = a (5 o xi) ... (J o x„) a„ 
(5.9) 

= a xi ... x„ a„ 

Ecjih Mbi iiojiojkhm 

((a ® ... (8> a„,o-) o ((5, ...,(5)) o (xi, x„) 
(5.10) = (a ® ... ® a n , a) o (£ o xi, ...,<$ o x n ) 

= (oo <E> ■■■ ® a„,a) o (xi, ...,x„) 

to cpaBHeHHe paBeHCTB (5.9) h (5.10) /jaeT ocHOBaHiie OTOJK/i,ecTBHTb fleficTBiie 
Ten3opa d — ao ® ... ® a n h nepecTaHOBKii a G S"' 1 c OTo6pa>KeHiieM (5.8). □ 



^Onpe^ejieHHe npeflCTaBjieHHH fi-ajire6pbi flaHO b onpeflejieHnii [3J-2.1.4. 
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BMecTO 3aniicii (ao <8 ■■■a n , cr) mm TaK»ce 6yn,eM nojib30BaTbCH 3aniicbio 

ecjiH mm xothm hbho yxasaTb KaKofi apryMeHT CTaHOBHTca Ha cooTBeTCTByiomee 
MecTO. HanpuMep, cjieflyromiie BbipajKeHiia SKBHBajienTHbi 

(ao <8 Oi (8> a 2 ® a 3 , (2, 1, 3)) o (jei, x 2 , x 3 ) = aoXzaxXidzXzas 

(ao 02 ai ®i a 2 ®3 03) (^1,^2,^3) = ao #2 a 1 a; 102 £3^3 

6. ITOJimiHHEHHOE OTOBPA>KEHHE B CBOBOflHYIO KOHEHHO MEPHYK) 
ACCOU,HATHBHyiO AJirEBPY 

TeopeMa 6.1. Ilycmb A - ceo6odnaH Koneuno Mcpnan accou,uamueHasi aAze6pa 
nad KOAtt^oM D. Ilycmb I - 6a3uc aAze6pu C(A; A). Ilycmb e - 6a3uc a/ize6pu A nad 
KOJibi^OM D. CTaH,n,apTHoe npe/jcTaBJiemie nojimnmeHHoro OTo6pa}KeHHH 
b accoi^naTHBHyio ajire6py uMeem eud 

(6.1) / o (01, a n ) = ffX^l,, Cio vtiht ° 01) ... cr t (I kn o a n ) e in 
HndeKC t nyMepyem eceeo3MOJHZHue nepecmanoeKU at MHomcccmea nepeMennux 
{ai, a„}. Bupamcenue fl°^' lr }, e paeencmee (6.1) Ha3ueaemcji CTaH,n;apTHOH 
KOMnoHeHTofi nojiHJiHHeiiHoro OTo6pa«eHHH /. 

fl,oKa3amcjibcmeo. Mm h3mghhm HH^eKC s b paBeHCTBe (5.5) TaKHM o6pa30M, hto- 
6m crpynniipoBaTb cjiaraeMbie c o/nmaKOBbiM Ha6opoM reHepaTopoB I k . Bbipa>Ke- 
HHe (5.5) npHMeT BHfl 

(6.2) a = ft 1 ... Un . s . a a s {I kl . s o o x ) /^...fc^.-i - ^{h n . s ° a„) f^. kn . a . n 

Mm npeflnojiaraeM, hto hh^ckc s npimiiMaeT 3HaHeHHH, 3aBHCHmiie ot fei, k n . 
KoMnoHenTbi nojiHJiHHeiiHoro OTo6pa>KeHHH / HMeiOT pa3jiojKeHiie 

(6-3) fki...k n -s-p = e ifki...k n -s-p 

OTHOCHTejibHO 6a3iica e. Ecjih Mbi noflCTaBHM (6.3) b (5.5), mbi nojiyniiM 

(6.4) a = f^'. kn . s -o <rs(hi ° 01) fk?' 2 ..k n -s-i - °"«(4„ On) fk?".k n -s-n ei„ 
PaccMOTpHM BbipajKeHiie 

/c c-i fjo—jn _ fiji i-ri//„ 

Jt-k 1 ...k n — JkL..kn-8-O —Jk 1 ...k n -s-n 

B npaBOii nacTii no,n,pa3yMeBaeTCfl cyMMa Tex cjiaraeMbix c HH,n,eKCOM s. ^jih koto- 
ptix nepecTaHOBKa a s coBna^aeT. KajK^aa Taxaa cyMMa 6yn;eT HMeTb yHiiKajibHMH 
HH^eKC t. no,n,CTaBHB b paBeHCTBO (6.4) BbipajKeHiie (6.5) mm nojiy^HM paBeHCTBO 
(6.1). □ 

TeopeMa 6.2. Ilycmb A - ceo6oduaH kohchho Mepnan accovAiamuenasi aAze6pa 
nad KOAbupM D. Ilycmb e - 6a3uc aAze&pu A nad KOJibupM D. IIoauauhcuhoc 
omo6paotcewue (5.4) mochcho npedcmaeumb e eude D-3HauHou cfiopMu cmenenu n 
nad KOAbupM D 

(6.6) /(ai,...,a„) = a^.-.a*™/^...^ 



^TeopeMa /i,OKa3aHa no aHajiorHH c TeopeMoft b [2], c. 107, 108 
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sde 

(6.7) ^=^_ _ 

u eejiuHunu fi ± ...i n sieAnwrncfi KoopdunamaMu D-3HauH0Z0 Koeapuanrnmo meu3o- 
pa. 

/joKa3amejibcm6o. Corjiacno onpeflejieHHio 1.4 paBeHCTBO (6.6) cjie^yeT 113 hciioh- 

KH pRBGHCTB 

fo (di,...,a n ) = fo (e il a l 1 1 ,...,e irl a 1 ™) = a\\..a l ™f o (e^, ...,e in ) 
IlycTb e' - ,npyroH 6a3nc. HycTb 

(6.8) e^eM 

npeo6pa30Baniie, OTo6pajKaiomee 6a3HC e b 6a3nc e'. Ha paBeHCTB (6.8) h (6.7) 
cjie^yeT 

4...^ = /°^-^) 

(6 . 9) =f°(e jlh t...,elht) 

= h il- h3 Cf° ( e ii.-) e j») 

= ^i-^/ji...j, 

H3 paBeHCTBa (6.9) cjie^yeT TeH3opHBift 3aKOH npeo6pa30BaHiiH KOopflimaT nojni- 
jiimeiiHoro OTo6pajKeHiia. H3 paBGHCTBa (6.9) h TeopeMbi [4]-2.1.4 cjie^yeT, hto 
3HaneHHe OTo6pa>KeHiifl / o (a\, a n ) He 3aBiiciiT ot Bbi6opa 6a3iica. □ 

IIojiHjiHHeHHoe OTo6pajKeHiie (5.4) CHMMeTpHHHO, ecjiii 

/ o (01, O n ) = / o (o-(oi), cr(a„)) 

fljiH jiio6oh nepecTaHOBKH a MHOJKecTBa {ai, a„}. 

TeopeMa 6.3. Ecau nojiuAUHeiiHoe omo6pacHceHue f cuMMempuutio, mo 
(6-10) /»i,...,i„ = /ff(ii),...,o-(i„) 

/JoKasamejibcmeo. PaBeHCTBO (6.10) cjie^yeT H3 paBeHCTBa 
a". ..a*™ /»!...»„ =/ o (ai, ...,a„) 

=/o (cr(ai),...,CT(a n )) 

= a l 1 --- a n"/o-(ii)...<r(i„) 



□ 



IIojiHjiHHeHHoe OTo6pajKeHHe (5.4) koco chmmgtphhho, ecjin 
/ o (ai, ...,a n ) = \o-\f o (cr(oi), ...,cr(a„)) 
.zyis: jik>6oh nepecTaHOBKH tr MHO»cecTBa {ai, a„}. 3,n,ecb 

{1 nepecTanoBKa a He-maa 
1 
— 1 nepecTaHOBKa a HeneTHaa 

TeopeMa 6.4. Ecau noAUAuneunoe omo6pawceHue f koco cuMMempuutio, mo 

(6- 11 ) fii,.-.,i n = l cr l/a(ii),...,<r(i„) 
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floKaaameJibcmeo. PaBeHCTBO (6.11) cjie/ryeT 113 prbchctbr 
a\ 1 ...a l ™f il .., in =/ ° (ai, ...,o n ) 

=kl/ ° (o'(ai), ...,cr(a„)) 
=a l 1 1 ...a^|cr|/ CT ( il )... (:r ( in ) 

□ 

TeopeMa 6.5. Ilycmb A - ceo6odnan kohchho Mepnan accovAiamuenasi aAze6pa 
nad KOAb%oM D. Ilycmb I - 6a3uc aAze6pu C(A; A), Ilycmb e - 6a3uc ame6pu A 
Had kojiki^om D. Ilycmb uoauauhcuhoc Had KOAbv,OM D omo6pacnceHue f nopomc- 
deno na6opoM omo6paatceHuu (Ik 1} Ik n )- Koopdunamu omo6pamccnusi f u ezo 
KOMnoHemnu omnocumcAbno 6a3uca e ydoeAemeopsiwm paeencmey 

(6.12) fh...l„ =fi°ki' ln kJkl J ll ■■• / fcr,-^C't 1 <T t (j 1 ) C 'fc 1 li 1 ••- B t"- lCTt (jr l ) C 'fc™ ij-l-n. 

(6.13) ff 1 ...l n = ft°ki'. l ^k n ^ k ^ll ■■■^ k " 3 C^ioa t (j 1 )^k\i 1 ---^l'^_ 1( T t (j n ) ( ~'k n i n 

/toKasameAbcmeo. B paBencTBe (6.1) iiojiojkhm 

hi ° ^ = ejJki-Ha 1 * 
Tor^ia paBencTBO (6.1) npHMeT bh,h, 

fo (oi,...,a n ) = ft°kZ\ ei CT t (a 1 1 4 1 .f i 1 e il )e il ...CT t (a^/ fc „.^e Jrl )e irl 

= a' 1 -On / t X\X /fe i-i 1 "- 7fc ™ «r Si o a t( 5 Ji)^i-"°'*( 5 Jr») 5 i™ 

(6.14) , . . 

v ' _ _il _(„ f!o.-»n r Ji r 3«Mi (Til 

— «i •••"« Jt-k 1 ...k n 1 ki-l 1 ■■■ ± k n -i n Ly i 0< T t (j 1 ) L 'fciii 

H3 paBGHCTBa (6.6) cjie^yeT 

(6.15) /o(ai,...,a„) = ep/£ ...^a^-a*" 

PaBeHCTBO (6.12) cjie;iyeT H3 cpaBHemia paBeHCTB (6.14) h (6.6). PaBeHCTBO (6.13) 
cjie/ryeT H3 cpaBneHiiH paBencTB (6.14) h (6.15). □ 
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8. IIPEflMETHblH YKA3ATEJIb 



ajire6pa Ha^ kojibi^om 1 

6a3HC ajire6pbi C(A;A) 9 

KOMnoH6HTa nojiHJiHHeiiHoro OTo6pa>KeHH5i 
accoi^HaTHBHofi ajire6pi>i 14 

KOCO CHMMeTpHMHOe nOJIHJlHHeHHOe 

OTo6pay*ceHne b accoijHaTiiBHyio 
ajire6py 17 

jiHHefiHoe OTo6pay*ceHne K-ajire6pbi Ai b 
i?-ajire6py A2 2 

nojiHJiHHefiHoe OTo6pa?KeHHe ajire6p 2 

CBoGoflHaa: ajire6pa Ha^ kojimjom 1 

CHMMeTpHMHOe IIOJIHJIIIH6HH06 

OTo6pay*ceHne b accoijHaTHBHyio 

ajire6py 17 
CTaHflapTHaa KOMnoH6HTa nojimiiiHeHHoro 

OTo6pay*ceHH5i / Tejia 16 
CTaH^apTHaH KOMnoH6HTa TeH3opa b 

T6H30pHOM IIpOH3B6^],6HHH ajire6p 8 

CTaH^apTHoe npe^CTaBJieHne 

nojiHJiHHefiHoro OTo6p anemia b 
accoi^HaTHBHyio ajire6py 16 

CTpyKTypHbie KOHCTaHTM ajire6pi>i P nafl 
KOJibn;oM D 2 

TeH3opHaa CTeneHb ajire6pbi A 6 
TeH3opnoe npoH3Be^,eHHe a_nre6p 5 
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9. CnEU,MAJlbHbIE CHMBOJlbl H OB03HAMEHH5I 



a* 1 ""* 71 CTaH^apTHaa KOMnoHeHTa TeH30pa 
b TeH3opHOM npoiiSBefleHnn ajire6p 8 

A® n TeH3opHaH CTeneHb ajire6pbi A 6 
A\ <g) ... <S> A n TeH30pHoe npoH3BefleHHe 
ajire6p 5 

C^j CTpyKTypHBie KOHCTaHTBi ajire6pbi A 

ll&R KOJlBLIpM D 2 
f s ,p KOMIIOH6HTa nOJlHJlHHeHHOrO 

OTo6pay*ceHH5i accoi^HaTHBHOH ajire6pbi 
14 

ft°k" Zt k CTaH^apTHaa: KOMnoH6HTa 
nojimiHHeHHoro OTo6pa?KeHHH b 
accoi^HaTHBHyio ajire6py 16 

C(Al\ A2) MHOyKeCTBO JIHHeHHBIX 

OTo6pay*ceHHH ajire6pbi Ai b ajire6py 
A 2 2 

C(A n ;S) MHoacecTBO n-jiHHeifr-ibix 

OTo6pay*ceHHH ajire6pbi A b MO^ayjib S 
2 

C(A±, An'-, S) MHO^CeCTBO 

nojiHJiHHefiHbix OTo6pay*ceHHH ajire6p 
Ai, An b Mo/iyjib S 2 
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